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We give a summary of 8 of our papers on provable neural training, organized into two sections. Section 1
covers our results for depth 2 (i.e. one layer of activation) for unrestricted widths, and Section 2 covers our
provable neural training results for arbitrary depths.

1 Provable Learning for Depth 2 Nets at Any Width

A versatile model of iterative stochastic optimizers attempting to minimize an objective function L(W) at
a constant step-size h > 0, is the Langevin Monte Carlo (LMC) algorithm, defined as,

Wiksiyh =Wih = hWL(Wi) + V2(Bg11yn — Brn)

where, k =0,1,2... & (B}):»0 is the Brownian motion. Albeit the proofs of LMC’s convergence under various
conditions and evidence of it being a good neural trainer, since the key empirical study in (Neelakantan et al.,
2015) — and yet, till our following works, this fundamental question had remained unknown, if LMC provably
converges in any practical machine learning setting, let alone on any neural nets.

o[1-3] (Kumar et al., 2025; Gopalani & Mukherjee, 2025; Gopalani et al., 2024) In this breakthrough
work we uncovered a novel mechanism (via isoperimetric inequalities) for proving the convergence of noisy
gradient algorithms on neural nets with one layer of activation — for any data and size.

This is the first true “beyond NTK” proof of neural training.

The key idea here is to realize that a constant amount of regularization when incorporated into the empirical
risk L(W) leads to the corresponding Gibbs’ measure (~ e ?2(W)) satisfying the Poincaré inequality. This
constant amount of regularization does not depend on the size of the net.

In particular, this work includes a proof for continuous-time noisy-GD (SDE) converging on nets with any
number of SoftPlus gates, which, not being Lipschitz smooth is a regime close to real world (since SoftPlus
is a differentiable approximation to ReLU) and particularly inaccessible via other proof techniques.

¢[4,5] In (Karmakar & Mukherjee, 2022) and (Karmakar et al., 2023) classes of neural nets with
one ReLLU gate and a generalized convolution layer were identified, respectively, for which stochastic “pseudo-
gradient" algorithms can be given that provably converge exponentially fast under realizable data conditions.
We note that, except for these, there are no other stochastic algorithms known for these settings that are
this fast under similar data assumptions.

o[6] (Arora et al., 2018) was my fist paper as a PhD student. I had initiated this study and this
was the first paper in neural nets for all the other senior authors, including my PhD adviser. I had invented
the preliminary version of all the theorems here. This paper went on to be highly cited and has become a
part of the syllabus of certain deep-learning courses around the world.

This paper showed for the first time that there exists algorithms that can find the global minima of ReL.U
neural net loss functions for arbitrary width and data, in time polynomial in the number of data points. This
paper also presented new circuit complexity results for nets, that there exists a continuum of deep neural
net functions that need the width to be super-exponential in the presented depth, to be approximated at
lower depths. The techniques in this paper opened up new avenues of interaction between neural nets and
polyhedral theory and a number of groups around the world have developed these ideas further. Some of
the conjectures we made in (Arora et al., 2018) have only recently begun to be settled, (Froese & Hertrich,
2023)



A stream of literature has now developed, that tries to get similar fast run-time exact optimization algorithms
for high-depth nets. These pursuits have opened up new interfaces with machine learning of the classical
field of structure-sensitive algorithm design for NP-Hard optimization questions.

2 Provable Learning for Deep Nets

It has scarcely been made rigorous as to why “adaptive”/current gradient dependent step-schedules are
needed for optimal performance in deep-learning. We have made two foundational progresses in this field.

o[7] In (Tucat et al., 2025) we invented 6—GClip, which is the following form of step-length scheduled
Gradient Descent, which is the first provably convergent step-schedule for deep-learning, ®ii1 = T — h(xy) -

V f(x), with h(x:) =n- min{lamax{av MTM}}

In experiments, we showed that beyond the ambit of the proof, a mini-batched version of this algorithm
also matches the best known training on VAEs and standard transformers like ViT and BERT. Thus, our
algorithm 0—GClip is the first provably convergent neural trainer that is also competitive against the best
heuristics.

¢[8] Additionally, in (De et al., 2018) we showed the first proof of convergence of the ADAM
algorithm which is the most widely used deep-learning algorithm.
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